The extension of thermodynamics into the quantum regime has received much attention in recent years. A primary objective of current research is to find thermodynamic tasks which can be enhanced by quantum mechanical effects. With this goal in mind, we explore the finite-time dynamics of absorption refrigerators composed of three qubits. The aim of this finite-time cooling is to reach low temperatures as fast as possible and subsequently extract the cold particle to exploit it for information processing purposes. We show that the coherent oscillations inherent to quantum dynamics can be harnessed to reach temperatures that are colder than the steady state in orders of magnitude less time, thereby providing a fast source of low-entropy qubits. This effect demonstrates that quantum thermal machines can surpass classical ones, reminiscent of quantum advantages in other fields, and is applicable to a broad range of technologically important scenarios.
INTRODUCTION
The development of classical thermodynamics in the 19th century underpinned the Industrial Revolution, and the enormous economic growth and social changes that followed. Now, in the 21st century, the burgeoning quantum technological revolution promises unprecedented advances in our computation and communication capabilities, enabled by harnessing quantum coherence. As our machines are scaled down into the quantum regime, it is of prime importance to understand how quantum mechanics affects the operation of these devices. This problem has attracted great interest to the field of quantum thermodynamics over the last few years.
One useful approach in this regard is to explore simple physical models which highlight novel aspects of quantum thermal machines. The quantum absorption refrigerator is the quantum extension of a classical machine devised in the 19th century (see for example Ref. [1] and references therein). The smallest possible model with couplings between physical particles and thermal reservoirs was first studied by Linden et al. [2] . While the history of studying these machines dates back a long time even in the quantum regime, the three-qubit model was the first where the role of quantum information resources was studied [3] , revealing that entanglement in the steady state prohibits achieving perfect Carnot efficiency, but potentially increases cooling efficiency.
Designing thermodynamic processes that can be enhanced by quantum dynamics is a pivotal challenge in the field of quantum thermodynamics. One of the paradigmatic thermodynamic tasks concerns work efficiency at the quantum scale. Here already the very definition of quantum mechanical work is debated [4] [5] [6] , yet in different scenarios quantum mechanical advantages seem possible [7] [8] [9] . Another avenue in this endeavour is the engineering of the environment itself to enhance quantum processes [10] [11] [12] [13] . We circumvent the potential controversies regarding the practical value of work and efficiency by concentrating on a different figure of merit and by using thermal baths to drive the refrigerator, therefore needing no notion of work.
Previous work on the quantum aspects of heat engines and refrigerators has focused almost exclusively on their operation in the steady state. However, in many applications one wishes to reach low temperatures as rapidly as possible, in which case understanding the short-time behaviour is essential. In particular, the cooling may be applied only transiently, after which the cold object is extracted for use. As a somewhat frivolous yet illustrative example, consider the problem of refrigerating a freshly bought bottle of beer on a hot day. Maximum enjoyment is obtained if the beer can be consumed quickly, and at a temperature significantly lower than that of the environment. A more serious example could be the initialisation of a register of qubits for quantum information processing, where the aim is to produce states with high purity (low entropy). Fast cooling is advantageous here since it may reduce the overall time taken to complete the quantum information protocol. Both of these situations exemplify what we call single-shot cooling: the one-time application of a refrigeration device in order to considerably and rapidly reduce the temperature of the object in question.
In the present work, we study the application of threequbit absorption refrigerators to single-shot cooling. By considering variations of the basic processes underlying energy dissipation and transport, we elucidate the role of coherence in the operation of such a device. Further- more, we demonstrate that dramatic improvements can be obtained in both the cooling time and the achievable temperatures by taking advantage of coherent oscillations that appear in the transient dynamics of the refrigerator. Note that a physical implementation of a quantum heat engine has recently been proposed in a trapped-ion setup [14] . Our findings could thus be applicable to current and near-future experiments, which may be practically limited by finite coherence times. From a more fundamental perspective, our scheme provides one of the first examples in which quantum coherence plays an active and necessary role in improving the performance of thermal machines.
THEORETICAL FRAMEWORK

Description of the Refrigerator
The quantum absorption refrigerator comprises three qubits described by standard Pauli operators σ x,y,z i , with the local Hamiltonian
Throughout this article, we employ units of energy, time and temperature such that E 1 = 1, = 1 and k B = 1. The qubits are coupled together according to a threebody interaction
where the computational basis states |0 , |1 denote the eigenvectors of σ z . In order for this interaction to be energy-conserving, in the sense that [H loc , H int ] = 0, we demand that the qubit energies satisfy E 2 = E 1 + E 3 . The interaction (2) then drives resonant transitions within the transport subspace spanned by the states |010 and |101 .
Each qubit i is in contact with an independent heat bath B i , which drives it towards a thermal equilibrium state at inverse temperature β i = 1/T i , where T 1 ≤ T 2 < T 3 . When the system parameters are judiciously chosen, the dynamics propels qubit 1 (the "cold qubit") towards a new temperatureT 1 < T 1 . It is in this sense that the system behaves as a refrigerator, whose basic operating principle may be understood as follows. The interaction Hamiltonian (2) couples the cold qubit to a "virtual qubit" [15] comprising the {|01 ,|10 } subspace of the Hilbert space of qubits 2 and 3. When these qubits are at equilibrium with their respective baths, the populations of the virtual qubit states are thermally distributed at an effective temperature given by
If the parameters of the refrigerator are arranged so that T eff < T 1 , then the cold qubit equilibrates to a lower temperature as it exchanges energy with the virtual qubit on the approach to the steady state.
In the following, we specialise to the case where T 1 = T 2 =: T r , and we define T h := T 3 . This is in many ways the most natural scenario, where we have a single source of free energy -namely the hot bath at temperature T h -enabling us to cool below the ambient "room temperature" T r . So long as qubits 1 and 2 are sufficiently spatially separated 1 , we can treat the effect of their common environment as arising from two independent baths [16] .
The general set-up that we have in mind is illustrated in Fig. 1(a) . We assume that all three qubits are initially in thermal equilibrium with their respective reservoirs. At time t = 0 the interaction (2) between the qubits is switched on. The aim is then to prepare the cold qubit in a low-entropy state. (We emphasise that this is quite different from the usual objective considered by previous authors, namely to maintain the cold qubit at a low temperature.) Once the lowest achievable temperature has been reached, our cooling protocol is complete, and the cold qubit may be extracted for use, for example, in quantum information processing. If we suppose now that there exists a large supply of qubits thermalised to the ambient temperature T r , we can perform this protocol repeatedly to produce a steady stream of low-entropy qubits.
Models of Thermalisation
In order to quantitatively analyse the refrigerator we must specify a thermalisation model. On the other hand, one would like to obtain general results that are independent of any particular model. In order to avoid being too restricted by our assumptions, we employ three different approaches to modelling the thermalising effect of the heat baths, each valid in a different parameter regime. In the following paragraphs, we describe these models in a qualitative way, deferring the full details to the Appendix.
A common assumption of statistical mechanics is that the baths are Markovian (memory-less). To model this scenario, we suppose that each qubit is coupled to an infinite collection of harmonic oscillators spanning a broad range of frequencies ( Fig. 1(b) ). The baths are described by identical Ohmic spectral functions of the form
This function quantifies the strength of the coupling between each qubit and the oscillators near frequency ω, weighted by the density of states of the reservoir (see Appendix). The effect of the baths is therefore characterised by two parameters: a dimensionless coupling strength α, and a frequency cut-off Ω leading to a bath memory time of order Ω −1 . Markovian dynamics is obtained when Ω is much larger than all other frequency scales and α ≪ 1, so that the dissipation rates are much smaller than the natural frequencies {E i } of the qubits. Some care must be taken when treating the effect of the inter-qubit coupling on the thermalisation dynamics. We are able to derive two different master equations depending on the magnitude of g. The first equation is valid in the strong-coupling limit, where g is much larger than the dissipation rates [17] . The second master equation holds in the weak-coupling limit, when g is comparable to or smaller than the dissipation rates [18, 19] .
If each qubit only couples to a narrow range of frequencies in the reservoirs, bath memory effects may be significant and the Markov assumption is invalid. We model this situation by assigning to each qubit of the refrigerator an additional fictitious qubit, and allowing excitations to hop between the two qubits at a rate λ. Each fictitious qubit is then connected to a perfectly Markovian thermal bath, such that the spontaneous emission rate is γ (Fig. 1(c) ), thus simulating an effective non-Markovian reservoir with a memory time of order γ −1 coupled to the physical qubit. This phenomenological model captures the transition from Markovian to non-Markovian dynamics in a simple way as γ is decreased.
RESULTS
Short-Time Dynamics of the Refrigerator
We now present our quantitative results, obtained by numerical solution of the equations of motion. Our first observation is that sufficiently strong coherent coupling between the qubits drives damped Rabi oscillations of the local qubit populations. However, unlike Rabi oscillations due to local driving fields, the three-body interaction (2) does not induce any local coherences between the qubit populations. The reduced state of each qubit is diagonal at all times and may therefore be assigned an effective temperaturẽ
To illustrate this feature of the short-time dynamics, we plot several examples of the evolution of the cold qubit temperature in Fig. 2 , which demonstrate that the Rabi oscillations allow the cold qubit to reach lower temperatures than the steady state. In the strong-coupling regime under Markovian dissipation, we find damped temperature oscillations with the approximate period π/g (solid line in Fig. 2(a) ). Therefore, the optimal single-shot cooling procedure consists of extracting the cold qubit after a time t 0 ≈ π/(2g). A more complicated oscillatory behaviour is possible outside of the Markovian regime, due to the large amounts of coherence between the refrigerator and the baths (solid line in Fig. 2(c) ). Nevertheless, a temperature minimum can still occur after a finite time, although the optimum extraction time may be later than π/(2g). In contrast, when the coupling g is much smaller than the relaxation rate, these oscillations are over-damped so that no temperature minimum occurs in a finite time (solid line in Fig. 2(b) ). In general however, we have found that optimal single-shot cooling in finite time is possible over a very broad range of parameters, so long as the coupling g is significantly larger than the relaxation rate, and the qubit-bath coupling is sufficiently weak.
The physical origin of these temperature oscillations is the exchange of energy between the refrigerator qubits due to the interaction (2). Our second important observation is that this energy transport is driven by coherence in the transport subspace. This can be seen straightforwardly by examining the Heisenberg equations of motion for the local energy expectation values
The resulting expression for the cold qubit is of the form
This equation represents an energy balance between the rate of heat absorbed by the bathQ 1 (t) and the coherent flow of energy into the other qubits, which is proportional to the imaginary part of the coherence in the transport subspace:
where ρ(t) denotes the quantum state. Eqs. (6) & (7) give a direct link between the presence of coherence in the transport subspace and the flow of energy across the refrigerator.
To further elucidate the fundamental role of coherence in energy transport, we consider a situation where some initial coherence in the transport subspace is added to the initial state, without modifying the thermally distributed populations. In order to ensure the positivity of the quantum state, this coherence is upper bounded by
For each example in Figs. 2(a-c) we have also plotted the dynamics with a very small amount of initial coherence C(0) = 0.005C max added. We find that the amplitude of the temperature oscillations is noticeably enhanced in all three cases. In the weak-coupling example plotted (dashed line in Fig. 2(b) ), the initial coherence gives the most dramatic advantage, since now the temperature minimum occurs in finite time. Initial coherence is actually a necessary ingredient for single-shot cooling in this case and thus should be considered as an additional non-classical resource to the free energy of the hot bath.
In the non-Markovian evolution plotted in Fig. 2(c) , the addition of coherence shifts the temperature minimum forward to approximately t 0 ≈ π/(2g), which could be a useful effect when fast operation of the single-shot cooling protocol is a priority. Note that according to Eq. (6) the sign of C(0) determines the direction of the initial flow of energy into the qubit. Therefore, it is even possible, for example, to heat the qubit by adding initial coherence with the opposite sign, even when the system behaves as a refrigerator in the steady state. Likewise one can transiently cool even when the steady-state behaviour is that of a heat pump. Similar phase effects have recently been described in Ref. [20] where the authors study the effect that a physical environment can exert on the early time evolution of certain initial superposition states of open quantum systems. Depending on the system phase, bath fluctuations can revert the detailed balance condition, creating a net flux of energy from the environment into the system. Overall, we have found strong evidence that coherence is a useful resource that may be harnessed to produce a significant advantage to single-shot cooling. Conversely, we can show that no advantage is obtained in the absence of coherence. In particular, we consider a stochastic three-qubit absorption refrigerator model where the qubits exchange energy only incoherently (details in the Appendix). The system still works as a refrigerator, since the steady-state temperature of the cold qubit may be lower than T 1 . However, the relaxation dynamics exhibits pure exponential decay, as depicted for some examples in Fig. 2(d) . Therefore, no temperature minimum occurs in finite time, precluding the possibility of single-shot cooling below the steady-state temperature.
Quantum Coherent Advantage Time
As we have shown, coherence in the quantum absorption refrigerator allows us to transiently cool below the steady-state temperature. However, once the cold qubit is decoupled from the refrigerator at time t 0 , its temperature begins to increase as it equilibrates with the roomtemperature bath. Therefore, the advantage gained from transient cooling only lasts until the cold qubit's temperature grows larger than the steady state temperature, which occurs at a time t 1 . This motivates us to define the quantum advantage time t Q = t 1 − t 0 , which quantifies the time elapsed after the single-shot cooling during which the quantum coherent advantage persists ( Fig. 3(a) ). For simplicity, in this section we work in the Markovian strong-coupling limit, where there always exists some single-shot cooling advantage and the switch-off time is given approximately by t 0 ≈ π/(2g) in all cases. We have found numerically that for fixed couplings g, α and Ω, the quantum advantage time t Q is independent of E 2 , and therefore is a function only of the bath temperatures. This dependence is plotted for an example in Fig. 3(b) . We find that the quantum advantage persists for longest when both the ambient and hot bath temperatures are low.
CONCLUSIONS
We have studied the dynamical evolution of three qubit refrigerators in different regimes, using three different standard models of dissipation in open quantum systems. In all of these we encounter oscillations in the temperature of the target qubit below the equilibrium temperature, reinforcing the notion of a universal and robust feature of quantum refrigerators. Since the initial states we consider come for free in the context of thermodynamic resource theories [21] , or more explicitly come directly from their respective baths, we show that with the right timing these oscillations can be exploited to yield a constant stream of cold qubits. Numerous quantum information processing protocols require (approximately) pure input states [22] , potentially making quantum thermal machines a useful addition as pre-cursors to information processing protocols. The advantage of the quantum absorption refrigerator lies in its high degree of autonomy: no external energy source is required to keep the machine running, and control is required only over the qubit-qubit interaction. Two thermal baths at a given temperature are sufficient to let the machines run for as long as their temperatures do not change significantly (which for macroscopic baths in contact with quantum systems is sufficiently long for all practical purposes).
Apart from the prospect of information processing these results help elucidate the quantum nature of thermodynamics. Compared to classical thermodynamics its counterpart at the quantum scale often results in additional constraints and limitations [5, 23] due to the discretised nature of the fundamental states. The central question in this context concerns the actual impact of coherence, entanglement and other genuine quantum features on the potential transformations in quantum thermodynamics. Indeed researchers have only just recently started investigating coherences in the context of resource theories, and a complete understanding is still elusive [24] . As we show using the stochastic absorption refrigerator, even three-particle fridges are in some sense equivalent to classical ones, as one can reach similar results in the steady state. On the other hand, the coherent transport of energy inducing oscillations in the population of the cold qubits constitutes a unique quantum feature. This points towards the potential of harnessing genuine quantum resources to take thermal machines beyond the classically possible.
APPENDIX Strong-Coupling Master Equation
In this section we derive the Markovian master equation in the strong-coupling limit, following Correa et al. [17] . We model each heat bath as a collection of harmonic oscillators, so that the total Hamiltonian for the three baths is H B = 3 i=1 H Bi , with
where the bosonic mode operators satisfy canonical com-
The qubit-bath interaction is given by
where A i = σ x i and the collective bath coordinates are defined by
with constants λ i,k that control the strength of the coupling of qubit i to its associated bath. When g = 0, the eigenstates of the qubit Hamiltonian are simply the computational basis states. When g = 0, the interaction splits the degenerate states spanning the transport subspace into two new eigenstates, denoted by |± = (|101 ± |010 )/ √ 2, with corresponding energy eigenvalues E 2 ± g. The remaining eigenstates and eigenvalues are left unchanged. The strong-coupling master equation describes dissipation as resulting from incoherent transitions between the eigenstates of the full coupled Hamiltonian H A = H loc + H int .
We now sketch the derivation of the strong-coupling master equation, valid when g E i . Working in an interaction picture with respect to H A + H B , the time evolution of the system coupling operators is given by
We decompose this into Fourier components as
where the {ω} denote the set of all possible (positive and negative) energy differences between the eigenvalues of H A .
We assume that the initial state of the system factorises as ρ(0) = ρ A (0)
−βiHB i , and that the system-bath coupling is sufficiently weak that perturbation theory can be applied. The master equation is derived by projecting the interaction-picture von Neumann equation for the density operator onto the subspace spanned by states of the form ρ A ⊗ ρ B and truncating the resulting equation at second order in the system-bath coupling (Born approximation). The Markov approximation then consists of assuming that the memory time of the bath is much shorter than all typical time scales of the reduced qubit evolution, see Ref. [25] for details. Tracing over the baths results in the following equation of motion for the qubit density operatorρ A in the interaction picture:
where we defined the self-energy
with X i (t) = e −iHB i t X i e iHB i t . In general, the self-energy can be written Γ i (ω) = 1 2 γ i (ω) + iS i (ω) where the real part γ i (ω) corresponds to an incoherent transition rate, and the imaginary part S i (ω) corresponds to an energy shift which we assume to be negligibly small.
We now perform the rotating-wave approximation by averaging over the oscillating terms in Eq. (13) , so that terms with ω = ω ′ drop out. This approximation is valid when the typical energy differences are much larger than the incoherent transition rates, i.e. min{E i , g} ≫ max{γ i (ω)}. Transforming back to the Schrödinger picture results in a Lindblad equation of the form
where the dissipators are given by
for a general Lindblad operator L. Explicitly, the Lindblad operators are given by
while the remaining non-zero Lindblad operators, corresponding to the reverse processes, are found from
In order to actually evaluate the rates γ i (ω), we introduce the spectral function of each bath:
In the limit of an infinite bath with a smooth density of states, the sum over the quantum numbers k can be approximated by an integral, and J i (ω) becomes a continuous function. We assume that the baths have identical spectral functions of the Ohmic form
where α is a dimensionless coupling parameter and Ω is a cut-off frequency of the system-bath interaction, which must be much larger than all other energy scales in order for the Markov approximation to hold. The incoherent rates are then given by
where n(ω, β) = (e βω − 1) −1 denotes the Bose-Einstein distribution.
Weak-Coupling Master Equation
We now consider the case of Markovian dissipation with small g, with the same Hamiltonians describing the baths (9) and qubit-bath interactions (10) . When the coupling g is comparable to the dissipation rates, the previous derivation is no longer valid since the rotatingwave approximation does not apply to counter-rotating terms of frequency (ω − ω ′ ) ∼ g. In this case, we should work in an interaction picture generated by H loc + H B and treat the interaction H int between the qubits as a small perturbation [18, 19] . The time evolution of the system coupling operators is now given by
with the corresponding Fourier decomposition
where the frequencies {ω} represent the eigenvalue differences of H loc only.
As before, we assume that the initial state of the system factorises as ρ(0) = ρ A (0) ⊗ ρ B . Now we project the interaction-picture von Neumann equation onto states of the form ρ A ⊗ ρ B and truncate the resulting equation at second order in the qubit-bath interaction and the qubitqubit interaction. We then perform the Markov approximation and trace over the bath variables; see Ref. [19] for full details of the derivation. The resulting equation of motion is
where the self-energy Γ i (ω) is defined by Eq. (14). We then write Γ i (ω) ≈ 1 2 γ i (ω), neglecting the imaginary part corresponding to small energy shifts of the qubit energy splittings. The rotating-wave approximation now consists of crossing off counter-rotating terms with ω = ω ′ , all of which have frequencies of order E i . In order to be consistent with our assumptions, we must have E i ≫ g. The resulting master equation in the Schrödinger picture is
where the rates are given by Eq. (19) .
Fictitious Qubit Environment
In order to model non-Markovian environments, we introduce three additional fictitious qubits described by Pauli operators τ x,y,z i , with Hamiltonian
We have chosen these qubits to have identical energy splittings to their associated physical qubits, in order to avoid renormalising the physical qubit energy splittings. The coupling to the refrigerator is described by the Hamiltonian
where σ ). We also introduce a Lindblad dissipator for each fictitious qubit corresponding to damping by a perfectly Markovian (deltacorrelated in time) reservoir at temperature T i . For simplicity, we assume identical spontaneous emission rates γ for the three fictitious qubits. The density operator ρ AF of the six-qubit system is therefore described by the master equation
The effective spectral density seen by each physical qubit is of the Lorentzian form
where Γ = γ(1 + e −βiEi )/2. For a fixed λ and T i , the bandwidth of the effective bath's frequency response is therefore controlled by modifying the parameter γ.
Stochastic Absorption Refrigerator
For the stochastic absorption refrigerator, we set g = 0 so that there is no Hamiltonian qubit-qubit coupling. Instead, the exchange of energy between the qubits is effected by the Lindblad operators B = |101 010| and its adjoint B † . The thermalising effect of the baths is modelled using the same dissipators as the weak-coupling master equation (21) . The total master equation therefore reads as 
